Detailed measurements of the frequency responses of a series of rectangular atomic force microscope ͑AFM͒ cantilever beams, immersed in a range of fluids, have been performed to test the validity and accuracy of the recent theoretical model of Sader ͓J. Appl. Phys. 84, 64 ͑1998͔͒. This theoretical model gives the frequency response of a cantilever beam, that is immersed in a viscous fluid and excited by an arbitrary driving force. Very good agreement between experimental measurements and theoretical calculations is found for all fluids considered. Furthermore, a critical assessment of the well-known inviscid model is presented, which demonstrates that this model is not applicable to AFM cantilever beams in general.
I. INTRODUCTION
It has long been recognized that the frequency responses of atomic force microscope ͑AFM͒ cantilever beams depend strongly on the fluids in which they are immersed. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] Experimental measurements show that the frequency spectra of these cantilever beams broaden significantly and shift to lower frequencies when they are placed in fluid. In particular, when the cantilevers are placed in air, the resonant frequencies are reduced typically by a few percent, whereas the quality factors exhibit reductions of three orders of magnitude from their values in vacuo. 1, 2, 4, 8, 11 Immersions in liquid result in even greater changes to the frequency responses, with resonant frequencies and quality factors being an order of magnitude smaller than their corresponding values in air. 2, 3, [5] [6] [7] [8] [9] [10] Unlike the calculation of the resonant frequencies of a cantilever beam in vacuo, which can be performed analytically in many cases of practical interest, the frequency response of a cantilever beam immersed in a fluid poses a formidable challenge. At present, several theoretical models exist for its calculation. 3, 10, [12] [13] [14] [15] [16] [17] [18] [19] [20] The most simplistic model makes the heuristic analogy with the dynamical motion of a sphere through a viscous fluid. 2, 3, 8, 20 Despite its physically dubious foundations, this model has been used widely in many fields and applications. A second, more rigorous model, assumes that the cantilever is immersed in an inviscid fluid, 10, [12] [13] [14] [15] [16] [17] [18] [19] i.e., a fluid with zero viscosity. This model has found great utility in explaining and predicting the behavior of macroscopic cantilever beams immersed in fluid, i.e., beams of length ϳ1 m. The applicability of such inviscid formulations to AFM cantilever beams, however, has hitherto not been rigorously established. Indeed, it has been suggested that the implementation of such inviscid formulations can lead to significant errors. 4 This provided the motivation for the development of the recent theoretical model by Sader, 21 which included the effects of fluid viscosity for the first time. The theoretical model presented in Ref. 21 shall henceforth be referred to as the viscous model. In contrast to the models discussed earlier, this theoretical model rigorously accounts for the true geometry of the beam and is valid for a fluid of arbitrary density and viscosity. The fundamental assumptions of the viscous model are:
͑1͒ The beam has a uniform cross section over its entire length; ͑2͒ The length L of the beam greatly exceeds its nominal width b; ͑3͒ The beam is an isotropic linearly elastic solid and internal frictional effects are negligible; ͑4͒ The amplitude of vibration is far smaller than any length scale of the beam; ͑5͒ The fluid is incompressible in nature.
All these criteria are satisfied in many cases of practical interest, as was discussed in Ref. 21 .
The above criteria were also used in the derivation of the well-known inviscid result due to Chu, 12 for a cantilever beam of rectangular cross section immersed in a fluid mental measurements of macroscopic cantilevers has been demonstrated, the details of which are presented in Ref. 13 .
In this article, we give a detailed assessment of the accuracy and validity of the viscous model and the inviscid model, when applied to rectangular AFM cantilever beams that are immersed in fluid. Cantilever beams with rectangular cross sections are chosen for this comparison, since the rectangular geometry is commonly encountered in practice.
1,3-6,9-11 As our benchmarks, we measure the frequency responses of two sets of cantilever beams. The first set of cantilever beams are exactly rectangular in geometry and present an ideal system, whereas the second set have irregular and, hence, nonideal properties. Consequently, measurements on these two sets of cantilever beams enable us to assess the accuracy of the theoretical models, and examine their validity under ideal and nonideal conditions. This is particularly important since many cantilever beams encountered in practice are not exactly rectangular in geometry. 1, 5, 10 To investigate the validity of the theoretical models under a wide range of conditions, we present results for cantilever beams immersed in six different media: vacuo, air, acetone, water, 1-butanol, and carbon tetrachloride.
We commence by summarizing the principal results and formulas for the viscous model in Sec. II. In Sec. III we outline the experimental procedures and methodologies, the details of which are given in the Appendix. This will be followed by a detailed comparison of the experimental and theoretical results in Sec. IV. Finally, we will summarize the principal findings of the investigation in Sec. V.
II. VISCOUS MODEL
In this section, we summarize the principal results of the viscous model. 21 As discussed earlier, this model gives the frequency response of a cantilever beam, that is excited by an arbitrary driving force and immersed in a viscous fluid. The assumptions implicit in this model are listed earlier. We focus on beams of rectangular cross section ͑see Fig. 1͒ , but stress that the viscous model is applicable to beams of arbitrary cross section.
To begin, we note that the parameter which characterizes the importance of viscous effects is the Reynold's number Re, which is defined by
where and are the density and viscosity of the fluid, b is the width of the beam ͑see Fig. 1͒ , and is a characteristic radial frequency of vibration. We emphasize that in the limit as Re→ϱ, the fluid can be considered to be inviscid in nature, and the fluid viscosity does not affect the frequency response. However, for finite values of Re, the viscosity can have a significant influence, and is predicted to do so for AFM cantilever beams. 21 The general formula for the frequency response of a cantilever beam, that is immersed in a viscous fluid and excited by an arbitrary driving force is
where Ŵ (x͉) is the Fourier transform of the deflection function of the beam, G(x,xЈ͉) is the Green's function of the cantilever beam, ŝ (xЈ͉) is the Fourier transform of the normalized driving force, and x, xЈ are the normalized spatial coordinates that run along the length of the beam ͑see Fig.  1͒ . The properties of the beam and the fluid are specified within the Green's function, by way of a function B() which is defined by
, ͑4͒
where vac,1 is the fundamental radial resonant frequency of the beam in vacuum, ϭ c bh is the mass per unit length of the beam, 22 and C 1 ϭ1.875 104... is the smallest positive root of 1ϩcos C 1 cosh C 1 ϭ0. The function ⌫͑͒ is termed the ''hydrodynamic function'' and it depends purely on the cross section of the beam and the Reynold's number Re. An explicit analytical expression for ⌫͑͒ for a beam of rectangular cross section is given in Eq. ͑20͒ of Ref. 21 ; this formula is derived under the assumption that the width b greatly exceeds the thickness h of the beam, which is the case most often encountered in practice. This formula is used in all calculations presented in this article.
For reasons to be discussed in the following sections, experimental results will only be given for the thermal noise spectra of the cantilever beams. The corresponding theoretical formulas are
where the subscript s refers to the spectral density, k is the spring constant of the beam, k B is Boltzmann's constant, T is absolute temperature, and C n is the nth positive root of 1 ϩcos C n cosh C n ϭ0. Equation ͑4a͒ gives the power spectral density of the deflection function of the beam, whereas Eq. ͑4b͒ is the corresponding expression for the slope. The func- tion n (x) is the deflection function of mode n of the beam, whereas the function ␣ n () depends on B(), the details of which are given in Ref. 21 . The viscous model also predicts that in the limit of small dissipative effects ͑i.e., for large quality factors͒, the frequency response of each mode of the beam is well approximated by that of a simple harmonic oscillator ͑SHO͒. In these cases, the amplitude response function A() of each mode is given by the well-known result
where A 0 is the zero frequency amplitude of the response, R,n is the radial resonant frequency of mode n in the absence of dissipative effects, and Q n is the quality factor of mode n. The respective formulas for R,n and Q n in Eq. ͑5͒ are
where ⌫ r and ⌫ i are the real and imaginary components of ⌫͑͒, respectively, and vac,n is the radial resonant frequency of mode n in vacuum. We emphasize that Eqs. ͑5͒ and ͑6͒ are valid for all displacement and slope spectra, i.e., A()ϭ͉Ŵ ͉, ͉Ŵ ͉ s , ͉‫ץ‬Ŵ /‫ץ‬x͉, and ͉‫ץ‬Ŵ /‫ץ‬x͉ s , and have been derived formally in the limit of small dissipative effects, i.e., Q n ӷ1. This limiting formulation of the viscous model shall be henceforth referred to as the SHO model. The practical limitations of this model shall be examined in detail in the next section.
Finally, we note that in the limit as Re→ϱ, the viscous, SHO, and inviscid models are identical.
III. MEASUREMENTS
Two sets of cantilever beams are used in this study, a schematic depiction of which is given in Fig. 2 . The first set of cantilever beams, henceforth referred to as calibrated cantilevers, 11, 23 are fabricated from undoped and uncoated single crystal silicon, the material properties of which are accurately known. 11 They have been micromachined to ensure an exact rectangular geometry, and their dimensions are specified to within a high tolerance by the manufacturer. Consequently, these cantilever beams present an ideal system, measurements upon which are used to rigorously assess the accuracy of the theoretical models. 24 These cantilevers are denoted C1 and C2 ͑see Fig. 2͒ and their dimensions and properties are listed in Table I .
The second set of cantilever beams, henceforth referred to as practical cantilevers, 5 ,25 also have a rectangular cross section. However, these beams do not possess the highly ideal properties of the calibrated cantilevers, and have been chosen specifically for this reason. In particular, these cantilever beams are made from low pressure chemical vapor deposition ͑LPCVD͒ silicon nitride which is coated with a layer of gold to improve its reflectivity. Consequently, the material properties and dimensions of these cantilever beams are unknown a priori, 4, 5 and need to be measured. The details of these measurements are given in the Appendix. Furthermore, the ends of the beams are cleaved and an imaging tip is present ͑see Fig. 2͒ . Measurements on these cantilever beams are used to assess the validity of the theoretical models under nonideal conditions, which is of fundamental importance in practice. These cantilevers are denoted P1-P5, and their dimensions and properties are also given in Table I .
The thermal noise spectra of the two sets of cantilever beams, immersed in a range of fluids were measured. This ensured that other resonances, such as those due to the cantilever holder and acoustic modes in the fluid cell, were not present in the results. 6 Measurements were undertaken with the beams immersed in vacuo, air, water, 1-butanol, acetone, and carbon tetrachloride (CCl 4 ). These media were chosen for their significantly different properties, a listing of which is given in Table II . The measured spectra were fitted to the response of a simple harmonic oscillator with an added white noise floor ͑see Appendix for details͒. In this way, precise values for the resonant frequencies and quality factors of the modes could be found. We note, however, that this procedure was not always possible, the reasons for which shall be discussed later. All spectra were measured using the optical deflection technique. Consequently, only results for the slope of the beam are presented. Details of the experimental setup and methodology are given in the Appendix.
IV. RESULTS AND DISCUSSION
In this section, we assess the accuracy and validity of the theoretical models by presenting a comprehensive and detailed comparison with experimental measurements.
To begin, we investigate the qualitative effect of placing a cantilever beam in fluid. Air, acetone, and 1-butanol are used in this initial study, and experimental results for the thermal noise spectra of the longest practical cantilever P1 ͑see Table I͒ are given in Fig. 3 . Only the fundamental resonance peaks are shown. Note the dramatic effect the liquids have on the frequency response, reducing the resonant frequency by an order of magnitude and significantly broadening the spectra; these results are in line with previous measurements. 2, 3, 5, 6, [8] [9] [10] We point out that the densities of acetone and 1-butanol are almost identical, but their viscosities differ by an order of magnitude ͑see Table II͒ . Furthermore, the frequency spectrum of the P1 practical cantilever immersed in acetone differs greatly from that in 1-butanol. Consequently, these measurements indicate that the fluid viscosity can significantly affect the frequency response of AFM cantilever beams and suggest that the viscosity should not be neglected in its calculation. The performance, validity, and accuracy of the viscous model in comparison to the inviscid model are examined in detail below. Results for the calibrated cantilevers and practical cantilevers are presented separately.
A. Calibrated cantilevers
First, we examine the effects of immersing the calibrated cantilevers in air. In Table III we present a comparison of experimental and theoretical results for the fundamental resonant frequencies in air and vacuum. The Reynold's numbers Re evaluated at the experimentally measured resonant frequencies are also indicated. We emphasize that in all cases the theoretical results for the resonant frequencies in vacuum are obtained from measurements of the frequency spectra in air. Results from three different theoretical models are given:
͑1͒ Viscous model. Eq. ͑4b͒ for the slope of the beam is fitted to the fundamental resonance peak in air, using the radial resonant frequency in vacuum vac,1 as a fitting parameter. A nonlinear least squares fitting procedure is used.
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͑2͒ Modified SHO model. This model uses the property that the shift in the resonant frequency from vacuum to fluid is primarily due to inertial effects in the fluid. 21 From Eq. ͑6a͒ of the SHO model, we then obtain FIG. 3 . ͑Color͒ Plot of thermal noise spectra of longest P1 practical cantilever immersed in air, acetone, and 1-butanol. Only the fundamental resonance peak is shown. Results are normalized so that the peaks in air, acetone, and 1-butanol are at 1, 0.6, 0.5, respectively. 
where vac and fluid are the radial resonant frequencies in vacuum and fluid, respectively. Equation ͑7͒ will give virtually identical results to the viscous and SHO models, provided the quality factor greatly exceeds unity, 21 which is typically the case when the cantilever beams are immersed in air, as we shall see below.
͑3͒ Inviscid model. The resonant frequency in vacuum is given by Eq. ͑1͒.
It is evident from the data in Table III that excellent agreement exists between the experimental measurements and the theoretical predictions of the viscous model, Eq. ͑4b͒, and the modified SHO model, Eq. ͑7͒. Indeed, these models give virtually identical results for both cantilever beams, as was predicted above; the condition that the quality factors greatly exceed unity is satisfied, as we shall see below. Furthermore, note that the relative shift in the resonant frequency from vacuum to air increases as the Reynold's number Re is reduced. These results are to be compared with the predictions of the inviscid model, which gives a constant relative shift in frequency of 0.3% for both cantilever beams. These findings demonstrate that viscous effects enhance the relative shift in frequency from vacuum to air, as was predicted in Ref. 21 .
Using the viscous model, Eq. ͑4b͒, the resonant frequencies of the higher harmonics ͑i.e., mode 2 and above͒ in air can be calculated from a knowledge of the fundamental resonant frequencies in vacuum vac,1 . In Table IV , the validity of such calculations is demonstrated for the 2nd harmonic ͑mode 2͒ in air, where excellent agreement is found between theoretical and experimental results. These results also serve to demonstrate the highly ideal nature of the calibrated cantilevers. Measurements of harmonics higher than mode 2 were precluded by the relatively high spring constants of these cantilevers ͑see Table I͒ .
In Table V we compare the theoretical and experimental results for the quality factors Q of the fundamental mode ͑mode 1͒ and the 2nd harmonic ͑mode 2͒ in air. The theoretical results are obtained by substituting the known values of the resonant frequencies in vacuum 27 into Eqs. ͑6͒ of the SHO model; these results are expected to be valid when the quality factor is large. Before discussing the results, we note that the assumption that the length L greatly exceeds the width b of the beam is implicit in the viscous model. Therefore, a reduction in aspect ratio L/b is expected to decrease the accuracy of the theoretical results. A similar increase in error is also expected as the mode number increases. 21 The results in Table V give the first indication of such effects. In particular, note that for the longest cantilever C1 ͑aspect ratio L/bϭ14) the difference between the theoretical and experimental results for modes 1 and 2 is р1%. Since the quality factor is measured only to within an accuracy of 1% ͑see Appendix͒, the difference between the theoretical and experimental results is not discernible in these cases. However, for the calibrated cantilever C2 ͑aspect ratio L/bϭ7) the errors in the theoretical results are slightly larger: 4% for mode 1, and 10% for mode 2. These findings are in line with the above discussion, which indicates that decreasing the aspect ratio and increasing the mode number compounds the errors of the model. Even so, the errors in all cases are small.
Next we examine the effects of immersing the longest cantilever C1 in liquid. Results for the fundamental resonant frequencies of this cantilever immersed in acetone, CCl 4 , water, and 1-butanol are presented in Table VI. Note that this cantilever has a fundamental resonant frequency in vacuum of 17.5 kHz. Consequently, the results in Table VI show that liquids have a dramatic effect on the frequency response; resonant frequencies are 2.8-4.5 times smaller than their values in vacuum. Also shown in Table VI are the predictions of the viscous model, Eq. ͑4b͒, the inviscid model, Eq. ͑1͒, and the SHO model gives the following expression for the radial resonant frequency fluid in fluid,
where R,n and Q n are defined in Eqs. ͑6a͒ and ͑6b͒, respectively. 28 Note the good accuracy achieved by the viscous model in comparison to the experimental measurements, with errors not exceeding 5% in all cases. It is interesting to note that the SHO model gives similar predictions to the viscous model. However, the finding that better accuracy is obtained from the SHO model is incidental, since the SHO model is an approximation to the ͑full͒ viscous model ͑see Sec. II͒. We shall have more to say about the SHO model below. These results for the viscous and SHO models are to be compared to the predictions of the inviscid model, whose errors range from 25% to 101%. Note that these errors correlate directly with the Reynold's number Re; a reduction in Re corresponds to an increase in error. This finding supports the claim that the omission of viscous effects is primarily responsible for the error in the inviscid model. We also point out that qualitative disagreement occurs between the inviscid results and the experimental measurements in some cases. For example, the experimental measurements show that the resonant frequency in water is greater than that in 1-butanol, whereas the inviscid model predicts exactly the opposite behavior. These results demonstrate that the reduction in the resonant frequency from water to 1-butanol is primarily due to the difference in the viscosities of the liquids. These findings also agree with theoretical predictions 21 which indicate that viscous effects enhance the shift in frequency from vacuum to liquid. In Table VII we present the corresponding results for the fundamental resonant frequencies of the shorter cantilever C2, whose resonant frequency in vacuum is 70.3 kHz. Again we find good agreement between the experimental measurements and the predictions of the viscous and SHO models. We note, however, that the errors in the viscous model are slightly larger than those obtained for the C1 cantilever. This finding is consistent with a reduction in aspect ratio L/b, which is expected to reduce the accuracy of the model. Nonetheless, the errors in the viscous model are small in all cases ͑р8%͒. Again we emphasize that the better agreement generally exhibited by the SHO model is incidental and cannot be guaranteed for reasons discussed earlier. In contrast to the predictions of the viscous and SHO models, we find that the accuracy of the inviscid model improves for the C2 cantilever in comparison to the C1 cantilever; errors between 8% and 31% are found here. This improvement in accuracy can be understood by noting that the Reynold's numbers for the C2 cantilever are significantly larger than those for the C1 cantilever ͑compare Tables VI and VII͒, indicating that viscous effects are less important here. We note that the inviscid model is expected to be valid in the limit Re→ϱ, and will give identical results to the viscous and SHO models in that case.
In Table VIII we present results for the fundamental mode quality factors of the cantilevers in liquid. In all cases, note the very good agreement between the experimental measurements and the theoretical results of the SHO model. Good agreement between the SHO model and experimental results was also obtained for the resonant frequencies in liquid ͑see Tables VI and VII͒. Consequently, the results given  in Tables VI, VII , and VIII, indicate that if the quality factor Qտ1, then the SHO model is valid, which is particularly interesting given that the SHO model is derived formally in the limit of very large quality factors, i.e., Qӷ1.
B. Practical cantilevers
We now turn our attention to the practical cantilevers, which are not perfectly rectangular in geometry, and consequently assess the validity of the theoretical models under such nonideal conditions. In Table IX we examine the effects of immersing the cantilevers in air. Theoretical results for the resonant frequencies in vacuum have been calculated using the measured spectra in air; details of these calculations are identical to those used in Table III for the calibrated cantilevers. Even under these nonideal conditions, we still observe good agreement between the experimental measurements in vacuo and the theoretical predictions of the viscous and SHO models. These results also show that the viscous and SHO models are accurate if the aspect ratio L/bϾ4, 29 even though these models are derived formally in the limit as L/b→ϱ. In contrast to the predictions of the viscous and SHO models, the inviscid model predicts a constant relative shift of 0.4% in the resonant frequency for all cantilevers, which clearly contradicts the experimental measurements.
In Table X , we present results for the resonant frequencies in air of mode 2. The theoretical results have been calculated from the fundamental resonant frequencies in vacuum, using the viscous model. Note that good agreement between theoretical and experimental results is obtained in all cases. However, the theoretical results do not display the same accuracy that was exhibited for the calibrated cantilevers ͑see Table IV͒ . This is to be expected, since the cantilevers do not have an ideal geometry. The discrepancies exhibited here are consistent with the presence of an imaging tip, which will increase the ratio of the resonant frequency of mode 2 to that of mode 1. Nonetheless, these results indicate that the imaging tips and the cleaved ends of the cantilevers do not exert a large influence on the frequency responses since the errors are small in all cases.
Corresponding results for the quality factors of the fundamental mode and the 2nd harmonic in air are given in Table XI . Note the good agreement between the theoretical and experimental results, with errors not exceeding 4% for mode 1, and 9% for mode 2. We point out, however, that the errors for mode 2 are approximately independent of the aspect ratio L/b. This finding is inconsistent with the expectations of the theoretical model, whose error should increase as the aspect ratio is reduced, as was observed for the calibrated cantilevers. Therefore, these results also indicate that the imaging tips and cleaved ends may be exerting a small but significant influence. Next we examine the validity of the theoretical models when the practical cantilevers are immersed in the four liquids. In Fig. 4 we plot the errors in the viscous, SHO, and inviscid models for the resonant frequencies in liquid of modes 1 and 2. The error is plotted as a function of the Reynold's number Re, which has been evaluated at the experimentally measured resonant frequencies. Consequently, each plot contains results for all five cantilevers immersed in the four liquids. The straight solid lines in Fig. 4 indicate exact correspondence between theory and experiment. In Fig. 4͑a͒ we present results for the viscous and inviscid models. Note that the error in the inviscid model depends principally on the Reynold's number Re, with all results collapsing onto a single curve. These results clearly demonstrate that the error in the inviscid model is mainly due to the neglect of fluid viscosity since a decrease in the Reynold's number is accompanied by an increase in error. These results are to be compared with those of the viscous model, which display good accuracy for all cantilevers and liquids. Interestingly, however, the errors in all these cases are approximately constant ͑ϳ10%͒ despite the varying aspect ratios of the cantilevers. As discussed earlier, this behavior indicates that the imaging tip and cleaved ends may be affecting the frequency response. We shall examine this possibility further below. Also note that the results of the inviscid and viscous models approach one another at large Reynold's numbers. This is expected, since these models are identical in the limit as Re→ϱ.
In Fig. 4͑b͒ we present analogous results for the SHO model. The results for the inviscid model are also shown and the scaling of the axes is identical to Fig. 4͑a͒ to facilitate comparison. These results show that the SHO model gives similar accuracy to the viscous model in the majority of cases, with the exception occurring at low Reynold's numbers. We note that if Eq. ͑6b͒ gives a quality factor Q р1/ͱ2, then the SHO model will predict that the resonant frequency is zero ͓see Eq. ͑8͔͒. This contrasts with the predictions of the viscous model ͑from which the SHO is derived͒, which indicate that the resonant frequency is never zero ͑see Ref. 21 for details͒. This erroneous behavior of the SHO model explains the increase in error at low Reynold's numbers observed in Fig. 4͑b͒ ; note that the downturn in accuracy occurs when Eq. ͑6b͒ gives a quality factor QՇ1. We also point out that at the two left most points in Fig. 4͑b͒ ͓where Eq. ͑6b͒ produces a quality factor QϽ1], we were unable to fit the experimental spectra to the response of a SHO ͑see Appendix͒. This supports the theoretical prediction of the viscous model that the frequency response of a cantilever beam differs from that of a SHO in such cases. 21 The analogous comparison between theory and experiment for the quality factors of modes 1 and 2 in liquid is given in Fig. 5 . As for the calibrated cantilevers, we again find good agreement between the theoretical predictions of the SHO model and the experimental results. However, since we were unable to fit the response of a SHO to the measured spectra in cases where Eq. ͑6b͒ gave a quality factor QϽ1, results for these cases do not appear in Fig. 5 . The good agreement between the experimental measurements and theoretical calculations of the SHO model for the resonant frequencies and quality factors of both sets of cantilevers ͑see Figs. 4 and 5, and Tables III, V-IX, XI͒, establishes the validity of the SHO model in cases where Eq. ͑6b͒ predicts a quality factor Qտ1. For other cases, the analogy with the response of a SHO is invalid.
C. Thermal noise spectra
We now present a comparison of theoretical and experimental results for the thermal noise spectra. The longest practical cantilever P1 is employed in this comparison. This cantilever has the smallest spring constant of all cantilevers ͑see Table I͒ , and accordingly produces the greatest thermal noise. This feature provides the rationale for its selection. Even in this optimal case, however, the sensitivity of the experimental apparatus restricts the frequencies over which the thermal noise spectrum of the cantilever can be measured, as we shall discuss below. Since measurements are performed using the optical deflection technique, we only present results for the slope of the beam. Consequently, Eq. ͑4b͒ of the viscous model is used in all theoretical calculations. Results for the thermal noise spectrum of the end of the cantilever are given. These results are normalized so that the peak of the fundamental resonance is at unity.
In Fig. 6͑a͒ we compare theoretical and experimental results for the thermal noise spectrum of the P1 cantilever immersed in air. The resonance peaks for modes 1 and 2 are shown. Note the good agreement between theory and experiment in the neighborhood of each resonance peak. However, away from the resonance peaks, discrepancies exist between the theoretical and experimental results. These discrepancies are believed to be due to limitations in the sensitivity of the experimental apparatus. To investigate this possibility, we inspected the experimental noise spectrum of the cantilever within the frequency range 220-280 kHz and found it to be white in nature. Indeed, in the absence of the cantilever, the noise spectrum of the experimental apparatus was found to be white at frequencies exceeding ϳ5 kHz. 30 Consequently, we measured the white noise level of the cantilever at 250 kHz and included it in the calculation of the power spectral density of the cantilever in the frequency range 0-100 kHz. The result of this modification is given in Fig. 6͑b͒ , where the prediction of the theoretical model is virtually indistinguishable from the experimental measurement. At frequencies below ϳ1 kHz, 1/f noise is the dominant noise source in the measurement.
Corresponding results for the thermal noise spectrum of the P1 cantilever immersed in water are presented in Fig.  7͑a͒ . Again, results are given for frequencies spanning the resonance peaks of modes 1 and 2. The discrepancies in the resonant frequencies, which were discussed earlier, are clearly visible in these results. Nonetheless, apart from this small shift in frequency ͑ϳ10%͒, the theoretical calculations and experimental measurements compare favorably. The lower quality factors and resonant frequencies in this case ensured that the ultimate sensitivity of the experimental apparatus was not reached in these measurements.
We now investigate the possibility that the discrepancies in the resonant frequencies in Fig. 7͑a͒ may be due to the effects of the imaging tip. To begin, we note that immersion in water increases the effective mass of the cantilever by an order of magnitude. Consequently, in water the ratio of the tip mass to the total mass of the cantilever will be an order of magnitude smaller than its corresponding value in air. Therefore, the cantilever is effectively tipless when it is immersed in water in comparison to air. Since the tipless vacuum frequency is expected to be higher than the tipped value, but is not experimentally accessible, we artificially increased the fundamental vacuum frequency of the cantilever by ϳ10%. Calculations based on this modified vacuum frequency are given in Fig. 7͑b͒ , together with the experimental measurements. Note the very close correspondence between theory and experiment in this case. We emphasize, however, that this demonstration does not prove that the small discrepancies in frequency are due to the effects of the imaging tip, but merely indicates that the possibility exists. Other possible sources include errors in calibration and finite aspect ratio effects.
V. SUMMARY AND CONCLUSIONS
Detailed experimental measurements of the frequency responses of two sets of rectangular AFM cantilever beams immersed in a range of fluids, have been presented. One set FIG. 6 . ͑Color͒ Thermal noise spectrum of the slope at the end of the P1 practical cantilever immersed in air. Results obtained experimentally ͑red curve͒ and using the viscous model ͑blue curve͒ are shown. Results are normalized so that the peak of the fundamental resonance is at unity. ͑a͒ White noise floor in measurements neglected in the theoretical calculations. ͑b͒ White noise floor measured at 250 kHz included in the theoretical calculations.
FIG. 7.
͑Color͒ Thermal noise spectrum of the slope at the end of the P1 practical cantilever immersed in water. Results obtained experimentally ͑red curve͒ and using the viscous model ͑blue curve͒ are shown. Results are normalized so that the peak of the fundamental resonance is at unity. ͑a͒ Measured fundamental resonant frequency in vacuum of 10.5 kHz used in calculations. ͑b͒ Modified vacuum frequency of 11.7 kHz used in calculations.
of cantilever beams have ideally rectangular geometries whereas the other set have some irregularities. These measurements were used to assess the validity and applicability of the well-known inviscid model 12 and the recent theoretical model of Sader, 21 under ideal and nonideal conditions. Various modifications and simplifications of the theoretical model of Sader 21 were used in this study, a summary of which is given below: It was found that agreement between the viscous model and the experimental measurements was excellent in all cases. Decreasing the aspect ratios of the cantilever beams and increasing the mode numbers were found to increase the error in the model, as was predicted in Ref. 21 . Nonetheless, good accuracy ͑error Շ10%͒ was found for the fundamental modes ͑mode 1͒ and the 2nd harmonics ͑mode 2͒ of all cantilevers whose aspect ratios range from L/bϭ4 -14.
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The SHO model was found to exhibit similar accuracy to the viscous model provided the quality factor Qտ1. In such cases, excellent agreement was observed between theory and experiment for both the resonant frequencies and quality factors in fluid. These results also established that the analogy with the response of a SHO is justified provided Eq. ͑6b͒ gives Qտ1; if QՇ1, then such an analogy is invalid. The modified SHO model was found to accurately predict the shift in resonant frequency from vacuum to fluid in cases where the quality factor Qӷ1. Since this condition is typically satisfied when AFM cantilever beams are immersed in air, we recommend that this model be used in calculating the resonant frequency in vacuum from measurements in air, as is often required in practice. 4, 11 In contrast to the above findings, the inviscid model exhibited large errors in the majority of cases. These errors were found to directly correlate with the Reynold's numbers Re, demonstrating that the neglect of fluid viscosity is primarily responsible for such discrepancies. These findings indicate that the inviscid model is not generally applicable to AFM cantilever beams, and if used, may result in significant errors.
This study has demonstrated that the frequency response of AFM cantilever beams immersed in fluid can be greatly affected by the fluid viscosity. The resulting viscous effects not only broaden the resonance peaks, but also have a dramatic effect on the resonant frequencies. Consequently, the inclusion of viscosity in the analysis of the frequency responses of AFM cantilever beams immersed in fluid is essential.
bell jar, adapted so that the photodiode voltage and AFM control leads could be fed in through the base. The bell jar was evacuated on a vacuum line down to a pressure of 1 mTorr. We note that below 100 mTorr, there was no visible variation in the resonant frequencies, which is in line with previous observations. 4 Lowering the gas pressure only increased the quality factor of the response.
It is well known that the material properties of fluids are strongly dependent on temperature. Consequently, the temperature inside the fluid cell of the AFM was measured while the spectra were being collected. This was performed by inserting a small type K thermocouple into the fluid cell via a small access hole. The thermocouple read out was accurate to within Ϯ0.1°C. To ensure the spectra were measured at a constant temperature, the cantilevers were allowed to thermally equilibrate with their surroundings for approximately 15 min. All measurements were made at a temperature of 27°C. The viscosities and densities of the fluids were subsequently obtained from published data. 33 The material properties of the practical cantilevers were determined using the following calibration procedure. Independent measurements were made of ͑i͒ the spring constant k of the cantilever, using the method of Cleveland et al., 34 and ͑ii͒ its fundamental resonant frequency in vacuum vac,1 . The density of the cantilever was then determined using the result 
͑A2͒
We emphasize that this formula is valid for cantilevers composed of a single material, as well as composite cantilever beams, i.e., beams consisting of more than one layer. In the latter case, the density c is the average density of the cantilever. 4, 22 Since all the practical cantilevers are from the same chip, their material properties are expected to be identical. 4 Consequently, by calibrating a single cantilever, the material properties of all the cantilevers can be determined. To minimize the effects of the imaging tips and cleaved ends, the longest practical cantilever was chosen for calibration. Noting that the error in the method of Cleveland et al. is ϳ10%, 4 this calibration procedure gave an average density of c ϭ5.3Ϯ0.5 g cm Ϫ3 for the practical cantilevers. Interestingly, a subsequent calibration of the other practical cantilevers also gave values within this error bound. the average density of the beam. 23 Park Scientific Instruments, 1171 Borregas Ave., Sunnyvale, CA 94089-1304. 24 The theoretical models are also applicable to cantilever beams composed of crystalline materials, provided the crystal orientation is fixed over the length of the beam. The calibrated cantilevers satisfy this condition. 25 Digital Instruments, 112 Robin Hill Road, Santa Barbara, CA 93117. 26 Mathematica is a registered trademark of, and is available from Wolfram Research, Inc., 100 Trade Center Drive, Champaign, IL 61820-7237. 27 The resonant frequency in vacuum of mode n can always be calculated from a knowledge of the fundamental resonant frequency vac,1 using the well-known formula vac,n ϭC n 2 /C 1 2 vac,1 , where C n is the nth positive root of 1ϩcos C n cosh C n ϭ0. 28 The shift in resonant frequency from vacuum to fluid is primarily accounted for in R,n , which neglects all dissipative effects in the fluid. Such dissipative effects are accounted for in the quality factor Q n , which introduces a comparatively small correction to the resonant frequency in fluid fluid . 29 To establish the ultimate lower limit for L/b, for which the models are applicable, measurements need to be performed on cantilevers with aspect ratios smaller than those used in this study. 30 These measurements were obtained by directing the AFM laser beam, which is normally used to measure the deflection of the cantilever, onto the cantilever substrate. The reflected signal was then processed in an identical manner to that described in the Appendix. 31 
